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Abstract
We have investigated the properties of the ergosphere and the energy extraction by Penrose pro-
cess in a Konoplya-Zhidenko rotating non-Kerr black hole spacetime. We find that the ergosphere
becomes thin and the maximum efficiency of energy extraction decreases as the deformation pa-
rameter increases. For the case with a < M , the positive deformation parameter yields that the
maximum efficiency is lower than that in the Kerr black hole with the same rotation parameter.
However, for the superspinning case with a > M , we find that the maximum efficiency can reach so
high that it is almost unlimited as the positive deformation parameter is close to zero, which is a
new feature of energy extraction in such kind of rotating non-Kerr black hole spacetime.
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2I. INTRODUCTION
The existence of black hole in our Universe was confirmed by the recently reported gravitational wave
events, such as GW150914, GW151226 and GW170104 [1–3]. In Einstein’s theory of gravity, a neutral rotating
astrophysical black hole in vacuum is described completely by the Kerr metric only with two parameters, the
mass M and the rotation parameter a, which is supported by the no-hair theorem [4]. For a Kerr black hole,
there is a fundamental limit (i.e., a < M ) from the weak cosmic censorship conjecture, which guarantees that
the central singularity is always covered by the event horizon. Although Einstein’s General Relativity passed
a series of observational and experimental tests [5, 6], it is worth noting that there is still ample room for other
alternative theories of gravity since the current observations including the recent gravitational wave events
[1–3] cannot completely exclude the possibility of the deviation from Einstein’s gravity theory. Especially, in
cosmology, modifying Einstein’s theory of gravity [7] is still one of the most promising ways to explain the
accelerating expansion of the current Universe observed through astronomical experiments [8–12] since it does
not resort to the exotic component, such as dark energy in General Relativity. Therefore, it is still necessary
to study the black hole solutions in other alternative theories of gravity.
The rotating non-Kerr spacetimes are described by a kind of deformed Kerr-like metrics, which can be
treated as vacuum solutions of a unknown alternative theory of gravity beyond Einsteins general relativity.
Besides the mass M and rotation parameter a, these spacetimes possess an extra deformation parameter
describing the deviation from the usual Kerr one. Choosing certain a proper deformation function, Johannsen
and Psaltis [13] constructed a rotating non-Kerr metric to examine the no-hair theorem. Johannsen-Psaltis
non-Kerr spacetime is one of the most important non-Kerr spacetimes with the same asymptotic behaviors
of Kerr spacetime in the far-field region. However, the presence of the deformation parameter changes the
structures of spacetime in the strong-field region. The horizon radius is a function of the polar angle θ and
the horizon surface does not possess the spherical topology as the value of deformation parameter lies within
a certain range [13, 14]. Moreover, there is no restriction on the value of the rotational parameter a for the
Johannsen-Psaltis non-Kerr spacetime. It means that this metric can describe a superspining black hole (
a > M ) which is absence in the Einstein’s General Relativity. The special observable effects in Johannsen-
Psaltis non-Kerr spacetime are studied in [15–22], and the constraints to the possible deviation are also made
by using of the observation data from the quasi-periodic oscillations [23–27] and the continuum-fitting and
iron line [28–31].
3Another important rotating non-Kerr black hole metric is proposed by Konoplya and Zhidenko through
adding a static deformation [32]. Their main purpose is to check whether the detection of gravitational waves
can leave a window open for alternative theories. With this rotating non-Kerr metric, they found that some
non-negligible deviation from the Kerr spacetime can also yield the same frequencies of the black-hole ringing.
Moreover, the constraints from quasi-periodic oscillations [33] and the iron line [34] also support that a real
astrophysical black hole could be described by Konoplya-Zhidenko rotating non-Kerr metric. Although a
Konoplya-Zhidenko non-Kerr black hole metric has many similar properties of Johannsen-Psaltis non-Kerr
one, but its horizon radius is independent of the polar angle θ and the horizon surface still remains spherical
structure as in Kerr case [32]. The study of strong gravitational lensing shows that there are some distinct
features differed from those in Kerr and Johannsen-Psaltis non-Kerr spacetimes [35].
The Penrose process [36–38] is an important method to extract energy from a rotation black hole, which
has been proposed to explain the formation of the power jets and the power energy for a active galactic nuclei,
X-ray binaries and quasars. With Penrose process, the energy extraction has been studied in the Johannsen-
Psaltis non-Kerr spacetime [39, 40], which indicates that the deformation parameter enhances the maximum
efficiency of the energy extraction process greatly. In this paper, we will investigate in detail the ergosphere
of the Konoplya-Zhidenko non-Kerr black hole and probe the effects of the deformation parameter on the
negative energy state and the efficiency of the energy extraction in this non-Kerr spacetime. Moreover, we
will explore how it differs from those in the Johannsen-Psaltis rotating non-Kerr case.
The paper is organized as follows. In Sec. II, we review briefly the metric of the Konoplya-Zhidenko rotating
non-Kerr black hole and then analyze its ergosphere structure. In Sec. III, we investigate the efficiency of the
energy extraction by using the Penrose process. We end the paper with a summary
II. HORIZONS AND INFINITE REDSHIFT SURFACES OF A KONOPLYA-ZHIDENKO
ROTATING NON-KERR BLACK HOLE
In the Boyer-Lindquist coordinates, the metric of a Konoplya-Zhidenko rotating non-Kerr black hole can
be expressed as [32]
ds2 = −N
2(r, θ)−W 2(r, θ) sin2 θ
K2(r, θ)
dt2 − 2rW (r, θ) sin2 θdtdφ +K2(r, θ)r2 sin2 θdφ2
+ Σ(r, θ)
[
B2(r, θ)
N2(r, θ)
+ r2dθ2
]
, (1)
4with
N2(r, θ) =
r2 − 2Mr + a2
r2
− η
r3
, B(r, θ) = 1, Σ(r, θ) =
r2 + a2 cos2 θ
r2
,
K2(r, θ) =
(r2 + a2)2 − a2 sin2 θ(r2 − 2Mr + a2)
r2(r2 + a2 cos2 θ)
+
a2η sin2 θ
r3(r2 + a2 cos2 θ)
,
W (r, θ) =
2Ma
r2 + a2 cos2 θ
+
ηa
r2(r2 + a2 cos2 θ)
. (2)
Like a usual rotating non-Kerr metric, it can be obtained through deforming the Kerr metric. Here M is the
mass of black hole and a is the rotation parameter. The deformation parameter η describes the deviations
from the Kerr spacetime. As the deformation parameter disappears, this metric can be reduced to that of
usual Kerr black hole. Obviously, the presence of the deformation parameter η does not change the asymptotic
structure of spacetime at the spatial infinite, but modifies the behavior of spacetime in the strong field region.
However, due to the difference between deformation, the Konoplya-Zhidenko rotating non-Kerr black hole
possesses some special properties of spacetime differed from those of Johannsen-Psaltis non-Kerr one [32, 35].
The horizons of the black hole are defined by the equation
r3 − 2Mr2 + a2r − η = 0. (3)
which gives
r1H =
1
3
[
2M +
21/3(4M2 − 3a2)
A1/3 +
A1/3
21/3
]
, (4)
r2H =
1
3
[
2M − (1 +
√
3i)(4M2 − 3a2)
22/3A1/3 −
(1−√3i)A1/3
24/3
]
, (5)
r3H =
1
3
[
2M − (1 −
√
3i)(4M2 − 3a2)
22/3A1/3 −
(1 +
√
3i)A1/3
24/3
]
, (6)
with
A = 16M3 + 27η − 18a2M +
√
(16M3 + 27η − 18a2M)2 − 4(4M2 − 3a2)3. (7)
Differing from a Johannsen-Psaltis non-Kerr case, the horizon radius of a Konoplya-Zhidenko rotating non-
Kerr black hole is independent of the polar angle θ and its horizon surface still remains spherical structure as
in Kerr case. However, the presence of the deformation parameter η changes the condition of the existence of
black hole horizons and further affects the number and positions of horizons. Through analysing Eqs.(4)-(6),
one can find that there exist two threshold values for the existence of horizon in the spacetime [35]
η1 =
2
27
(√
4M2 − 3a2 − 2M
)2(√
4M2 − 3a2 +M
)
,
η2 = − 2
27
(√
4M2 − 3a2 + 2M
)2(√
4M2 − 3a2 −M
)
, (8)
5which are functions of the mass M and the rotation parameter a of the spacetime. For the cases η < η2 < 0
or |a| > 2
√
3M
3
with η < 0, we one can find that r1H is negative and the roots r
2
H , r
3
H are imaginary, which
means that there is no horizon and then the spacetime (1) becomes a naked singularity. For the cases η > η1
or 0 < η < η2 or |a| > 2
√
3M
3
with η > 0, the spacetime possesses a single horizon since there exist only a
positive root among the three roots (r1H , r
2
H , r
3
H) in these cases. As η2 ≤ η ≤ 0 or η = η1, there exist two
horizons as in the usual non-extremal Kerr black hole spacetime. Especially, one can find that the one can
find all of the three roots (r1H , r
2
H , r
3
H) are positive in the case 0 < η < η1 with the negative η2 or in the
case η2 < η < η1 with the positive η2, which means that black hole spacetime (1) has three horizons in these
cases. These properties indicate that the presence of the deformation parameter extends the allowed range of
the rotation parameter a and changes the spacetime structure in the strong field region [35].
For a Konoplya-Zhidenko rotating non-Kerr black hole, the infinite redshift surface is defined by the equation
r3 − 2Mr2 + a2r cos2 θ − η = 0. (9)
Similarly, one can obtain three roots of the above equation, i.e.,
r1∞ =
1
3
[
2M +
21/3(4M2 − 3a2 cos2 θ)
B1/3 +
B1/3
21/3
]
,
r2∞ =
1
3
[
2M − (1 +
√
3i)(4M2 − 3a2 cos2 θ)
22/3B1/3 −
(1−√3i)B1/3
24/3
]
,
r3∞ =
1
3
[
2M − (1−
√
3i)(4M2 − 3a2 cos2 θ)
22/3B1/3 −
(1 +
√
3i)B1/3
24/3
]
, (10)
with
B = 16M3 + 27η − 18a2M cos2 θ +
√
(16M3 + 27η − 18a2M cos2 θ)2 − 4(4M2 − 3a2 cos2 θ)3. (11)
It is easy to find that the outer infinite redshift surface is located at r = r1∞. The ergosphere is the region
bounded by the outer event horizon and the outer infinite redshift surface, which is very important for the
rotation energy extraction from a Kerr-like black hole [5]. Comparing with the case of a Kerr black hole, we
find that the region of ergosphere becomes more complicated in the Konoplya-Zhidenko rotating non-Kerr
spacetime due to the deformation parameter η. In Fig.(1), we present the variation of the event horizon
radius and the infinite redshift surface with the deformation parameter η. There exists a turning point A for
the event horizon surface at which η = η2. For the case with a < M , the ergosphere is determined by the
difference between r1∞ and r
1
H as η ≥ η2, but as η < η2 the spacetime (1) is a naked singularity in which there
exists no any horizon. For the case with M < a < 2
√
3M
3
, we find that the ergosphere is still determined by the
6FIG. 1: The variation of the event horizon radius and the infinite redshift surface with the deformation parameter η
in the Konoplya-Zhidenko rotating non-Kerr spacetime. The blue, red curves correspond to event horizon radius and
the infinite redshift surface, respectively. The blue dashed line and the red dashed line correspond to the curves η = η2
and η = η3, respectively. Here, we take 2M = 1.
difference between r1∞ and r
1
H as η ≥ η2, but it is given by the difference between r1∞ and r2H as η3 ≤ η < η2.
The quantity η3 is the value of η at a turning point C for the infinite redshift surface, which is given by
η3 = − 2
27
(√
4M2 − 3a2 cos2 θ + 2M
)2(√
4M2 − 3a2 cos2 θ −M
)
. (12)
In this case, the width of the ergosphere undergoes a sudden change at the point η = η2 since the position of
the outer horizon jumps from r = r1H at the point A into r = r
2
H at the point B, which is shown in the panels
7FIG. 2: The Variation of the shape on the xz -plane of the ergosphere with the deformation parameter η in the
Konoplya-Zhidenko rotating non-Kerr spacetime with fixed a = 0.4. The red and the blue lines correspond to the
infinite redshift surfaces and the horizons, respectively. Here, we take M = 0.5.
FIG. 3: The Variation of the shape on the xz -plane of the ergosphere with the deformation parameter η in the
Konoplya-Zhidenko rotating non-Kerr spacetime with fixed a = 0.52. The red and the blue lines correspond to the
infinite redshift surfaces and the horizons, respectively. Here, we take M = 0.5.
in the middle row of Fig.(1). This phenomenon does not emerge in the Johannsen-Psaltis non-Kerr black hole
spacetime [39, 40]. For the high-spinning case with a > 2
√
3M
3
, the turning point A disappears since the η2 is
imaginary, and the ergosphere is determined by the difference between r1∞ and r
2
H .
In Figs.(2)-(4), we present the dependence of the ergosphere on the deformation parameter η for the different
rotation parameter a. It is shown clearly that the ergosphere in the equatorial plane becomes thin with
increase of the deformation parameter η, which is different from that in the Johannsen-Psaltis non-Kerr black
8FIG. 4: The Variation of the shape on the xz -plane of the ergosphere with the deformation parameter η in the
Konoplya-Zhidenko rotating non-Kerr spacetime with fixed a = 0.6. The red and the blue lines correspond to the
infinite redshift surfaces and the horizons, respectively. Here, we take M = 0.5.
hole spacetime in which the ergosphere become thick with the deformation parameter [39, 40]. It could
be understandable since there exists the deformation difference between two non-Kerr black hole metrics.
Moreover, we also note that as η < η2 the horizon disappears and the shape of the infinite redshift surface
becomes toroidal. Especially, in the case with a > M , we can find that as the positive η is close to zero the
outer horizon radius becomes very small so that the ergosphere in the equatorial plane is much thicker than
that in the case a < M , which could yield some new phenomena in the process of extracting energy from a
Konoplya-Zhidenko rotating non-Kerr black hole.
III. ENERGY EXTRACTION FROM A KONOPLYA-ZHIDENKO ROTATING NON-KERR
BLACK HOLE BY PENROSE PROCESS
In this section, we will study energy extraction from a Konoplya-Zhidenko rotating non-Kerr black hole by
Penrose process and to see the effect of the deformation parameter η on the negative energy state and on the
energy extraction efficiency .
For simplicity, we focus only on the orbit of a test particle with the mass µ on the equatorial plane. Making
use of the two Killing vectors ξa = ( ∂∂t ) and ψ
a = ( ∂∂φ ) of the spacetime (1), one can obtain two conserved
quantities for the particles moving along a timelike geodesics
E = −gabξaub =
(
1− 2Mr
2 + η
r3
)
ut +
2Mr2 + η
r3
auφ, (13)
L = gabψ
aub = −2Mr
2 + η
r3
aut +
[
(r2 + a2) +
(2Mr2 + η)a2
r3
]
uφ. (14)
Here ub ≡ dxbdτ is the four-velocity and τ is the proper time for the spacetime. The conserved quantities E and
L correspond to the energy or angular momentum of the particle [36–38], respectively. For a timelike particle
in the background of a Konoplya-Zhidenko rotating non-Kerr black hole, one can find the energy E of the
9particle moving along geodesics satisfies
αE2 − 2βE + γ = 0, (15)
with
α = (r2 + a2 +
2Ma2
r
+
ηa2
r3
)Γ−1, (16)
β = L(
2Mr2 + η
r3
a)Γ−1, (17)
γ = −L2(1− 2Mr
2 + η
r3
)Γ−1 − r
3
r3 − 2Mr2 + a2r − η (u
r)2 − µ2, (18)
Γ =
r3 − 2Mr2 + a2r − η
r
. (19)
Solving Eq.(15), one can find the energy E has a form
E =
β ±
√
β2 − αγ
α
. (20)
In order to ensure that the 4-momentum of the particle is future directed, we select only the sign (+) in front
of
√
β2 − αγ for the energy E in the following discussion. It is well known that the orbit of the particle with
negative energy in the ergosphere is crucial to extract energy from a rotation black hole through Penrose
process. From Eq.(20), one can find that the conditions of the particle with the negative energy (i.e., E < 0)
are: α > 0, β < 0 and γ > 0, which can be satisfied only if La < 0. As a negative energy particle with mass µ
is injected into the central black hole, the mass of the black hole will change a quantity δM = E. It is shown
that there exists a lower limit on δM which could be added to the black hole corresponding to the case with
µ = 0 and µr = 0 [41]. The lower limit Emin can be evaluated through all of the required quantities at the
horizon rH ,
Emin =
L(2Mr2H + η)a
(r2H + a
2)r3H + (2Mr
2
H + η)a
2
=
La
r2H + a
2
. (21)
This implies that the energy can be extracted from the black hole by Penrose process only if the injected
particle possesses the negative angular momentum (i.e., L < 0). Moreover, one can find the value of Emin
depends on the deformation parameter η since the horizon radius rH is a function of η. In Fig.(5), we present
the change of the lower limit Emin with the angular momentum L for the different deformation parameter η
and rotation parameter a in the Konoplya-Zhidenko rotating non-Kerr black hole spacetime. It’s easy to see
that the absolute value of Emin decrease monotonously with the deformation parameter η for all a.
Let us now to study the effect of the deformation parameter η on the efficiency of the energy extraction
process in the Konoplya-Zhidenko rotating non-Kerr black hole spacetime. In order to calculate the maximum
10
FIG. 5: The change of the lower limit Emin of negative energy state with the angular momentum L for the different
deformation parameter η and rotation parameter a in the Konoplya-Zhidenko rotating non-Kerr black hole spacetime.
efficiency of the energy extraction in this spacetime, we take the radial velocity to be zero as in Refs.[36–38].
In the locally nonrotating frame [5], the four-velocity Ui of the ith particle for the observer at a given radius
r can be expressed as
Ui = u
t(1, 0, 0,Ωi), (22)
with
ut =
E
gtt + gtφΩi
, Ωi =
−gtφ(1 + gtt) +
√
(1 + gtt)(g2tφ − gttgφφ)
gφφ + g2tφ
, (23)
where Ωi is the angular velocity of the ith particle with respect to an asymptotic infinity observer. In the
ergosphere, the value of Ωi lies in the range of
Ω− < Ωi < Ω+, (24)
where
Ω± =
−gtφ ±
√
g2tφ − gttgφφ
gφφ
. (25)
According to the Penrose process [36–38], an incident particle 1 with the rest mass µ1 = 1 (i.e., E1 = 1) after
entering the ergosphere splits into two particles 2 and 3, and then the consequence will be that the particle
2 with negative energy falls past the outer event horizon into the black hole, while the particle 3 escapes to
infinity with more energy than the incident particle 1. From the conservational laws of the energy and angular
momentum, one can obtain
U1 = µ2U2 + µ3U3. (26)
And then the efficiency of the energy extraction in Penrose process can be expressed as
ǫ =
µ3E3 − E1
E1
= µ3E3 − 1. (27)
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As in Ref.[38–40], choosing µ2U2 and µ3U3 as the forms
µ2U2 = k2(1, 0, 0,Ω−),
µ3U3 = k3(1, 0, 0,Ω+), (28)
with two undetermined constants k2 and k3, one can obtain the efficiency ǫ of energy extraction from a rotation
black hole
ǫ =
(Ω1 − Ω−)(gtt + gtφΩ+)
(Ω+ − Ω−)(gtt + gtφΩ1) − 1. (29)
The maximum efficiency can be evaluated by assuming that the incident particle 1 splits near the horizon rH ,
ǫmax =
√
1 + gtt − 1
2
|r=rH . (30)
Substituting the coefficients of the metric (1) into Eq.(30), we can analyze the effects of η on the energy
FIG. 6: The variation of the maximum efficiency of the energy extraction with the deformation parameter η from a
Konoplya-Zhidenko rotating non-Kerr black hole. Here we take M = 0.5.
extraction efficiency from a Konoplya-Zhidenko rotating non-Kerr black hole. With the help of the numerical
method, we present the variation of the maximum efficiency in the energy extraction process with the de-
formation parameter η, which takes the values so that there exist event horizon for the non-Kerr metric (1).
From Fig.(6), we find that the maximum efficiency of the Penrose process decreases with the increase of the
deformation parameter η in the Konoplya-Zhidenko rotating non-Kerr spacetime, which differs from that in
the Johannsen-Psaltis rotating non-Kerr spacetime in which the maximum efficiency is an increasing function
of the deformation parameter [39, 40]. For the case with a < M , the positive deformation parameter yields
that the maximum efficiency is lower than that in the Kerr black hole with the same rotation parameter,
while the negative deformation parameter enhances the maximum efficiency of the energy extraction process
greatly. For the superspinning case with a > M , it is of interest to note that the maximum efficiency can
12
reach so high that it is almost unlimited as the positive η is close to zero, while in the Einstein’s theory of
gravity the maximum efficiency is only 20.7% for the extremal Kerr black hole. The almost unlimited effi-
ciency is could be explained by a fact that in this case the outer event horizon radius is very small so that the
maximum efficiency (30) can be approximated as ǫmax ≈
√
2M
rH
. Moreover, the ergosphere in the equatorial
plane becomes much thicker in this special case. Actually, the almost unlimited efficiency is also found in the
energy extraction process from a Johannsen-Psaltis rotating non-Kerr black hole as the negative η is close to
zero in the case with a > M [39, 40]. Thus, the emergence of the almost unlimited efficiency may be a new
feature of energy extraction in such kind of rotating non-Kerr black hole spacetime with a > M . From the
middle panel in Fig.(6), we find that there exists a sudden change for the maximum efficiency in the cases
with M < a < 2
√
3M
3
as the value η crosses the critical value η2 since the variation of the event horizon rH is
not continuous (which is also shown in Fig.(1)). Actually, the similar sudden change also takes place for the
width of the ergosphere as in the previous discussion.
IV. SUMMARY
In this paper we have investigated the energy extraction from a Konoplya-Zhidenko rotating non-Kerr
black hole with an extra deformation parameter. We find that the deformed parameter together with the
rotation parameter imprint in the properties of ergosphere and the energy extraction efficiency. With the
increase of the deformation parameter, the ergosphere becomes thin and the maximum efficiency of energy
extraction decreases, which differs from that in the Johannsen-Psaltis rotating non-Kerr spacetime where
the maximum efficiency increases with the deformation parameter. For the case with a < M , the positive
deformation parameter yields that the maximum efficiency is lower than that in the Kerr black hole with
the same rotation parameter, while the negative deformation parameter enhances the maximum efficiency of
the energy extraction process greatly. For the superspinning case with a > M , we find that the maximum
efficiency can reach so high that it is almost unlimited as the positive η is close to zero, which is different
from that in the usual Kerr black hole spacetime in which the maximum efficiency is only 20.7% for the
extremal Kerr black hole. Our result imply that the emergence of the almost unlimited efficiency may be a
new feature of energy extraction in such kind of rotating non-Kerr black hole spacetime with a > M . Finally,
we find that in the cases with M < a < 2
√
3M
3
there exists a sudden change for the maximum efficiency
and the width of the ergosphere as the value η crosses the critical value η2 since the variation of the event
horizon rH is not continuous. These effects of the deformation parameter η on the maximum efficiency could
13
provide a possibility to check the no-hair theorem and to test whether or not the current black-hole candidates
are the Konoplya-Zhidenko rotating non-Kerr black holes beyond Einstein’s General Relativity in the future
astronomical observations.
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